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3. Fitness gradient 
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PS. Selection on reaction norms
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1. BACKGROUND 

 

x1, x2, ..., xn are random variables with  

 

means m1, m2, ... mn 

variances ,..., 2

2

2

1 ss (or nnsss ,...,, 2211 ) and covariances nn ,11312 ,...,, -sss  

 

means as a vector mmmm    
 

variance-covariance matrix SSSSx of x 
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THE MULTIVARIATE NORMAL DISTRIBUTION MVN(mmmm, SSSSx) 

 

The probability density function f(x) of a multivariate normal distribution with 

vector of means mmmm and covariance matrix SSSSx equals 

 

( ) �
�

�
�
�

� ---= ---
)()(

2

1
exp2)( 12/12/ mmmmSSSSmmmmSSSS xxx xx

Tn
f p   

 

��
�

�
��
�

�
=

2

1

x

x
x , ��

�

�
��
�

�
=

2

1

mmmm
mmmm

mmmm , and �
�
�

�
�
�
�

�
=

221

211

,

,

xxx

xxx

SSSSSSSS
SSSSSSSS

SSSS Tx
  

 

 

)( 22

1

,1| 22121
mmmmSSSSSSSSmmmmmmmm -+= -

xxxxxx  and 
T

21221121 ,

1

,| xxxxxxxx SSSSSSSSSSSSSSSSSSSS --=  

 

eeeemmmmSSSSmmmm +-S+= - )( 22

1

,11 221
xxxxx  with eeee ~ MVN(0, 

21 | xxSSSS )  

 



 

 

  

6

 



 7

 

2. THE RESPONSE TO SELECTION 
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Phenotypic  trait vector z = g + e,  

 

Base population: g ~ MVN(mmmmg, G) en e ~ MVN(0, E) 

 

 z ~ MVN(mmmmz, P) with P = G + E and mmmmz = mmmmg. 

 

Regress genotype on phenotype 
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s(g, z) = s( g, g + e) = s( g, g) + s( g, e) = s( g, g) = G 

 

s( g, g) = G 

 

s( z, z) = P = G + E 
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Conditional Genotypic Average Trait Vector: 

 

mmmmg‰z = mmmmg + GP
-1(z - mmmmz)  

 

Veeee = Vg | z = G - GP
-1

G  

 

 

The linear regression of g on z becomes 

 

g = mmmmg‰z + eeee = mmmmg + GP
-1(z - mmmmz) + eeee  

 

g - mmmmg = GP
-1(z - mmmmz) + eeee,      and   eeee ~ MVN(0, Veeee ) 

 

 

g - mmmmg is often called the breeding value of phenotype z. 
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Intermezzo: "Undesirable evolutionary consequences of trophy hunting". Coltman et al. 

2003 (Nature) 
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For a univariate phenotype we find, with 

 

 g = g 

 

mmmmg = mmmmz = m 

 

G = sg
2 and P = sz

2 

   

 

 

g - m = sg
2 sz

-2 (z - m) + e = h2(z - m) + e 

 

 

and  se
2 = sg|z

2 = sg
2 - sg

2sz
-2sg

2 = sg
2(1- h2) 
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The change in the expected value of g after selection becomes: 

 

      Dmmmmg = mmmmg
* - mmmmg 

 = E[GP
-1(z - mmmmz) + eeee]  

 = GP
 -1 E[(z - mmmmz)]  

 = GP
 -1

s  

 =Gbbbb 

 

The vector s is the selection differential, and bbbb the selection gradient. 

 

The genetic variance-covariance matrix after selection is 

 

      G* = E[(g - mmmmg
*)(g - mmmmg

*)T]  

 = E[(g - mmmmg - Dmmmmg)( g - mmmmg - Dmmmmg)
T] 

 = E[(GP
 -1(z - mmmmz

*) + eeee)(( z - mmmmz
* )T

P
-1

G + eT)] 

 = GP
-1

P
*
P

-1
G + G - GP

-1
G 

 

DG = G* - G = GP
-1(P*- P)P-1

G  
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TRANFER OF SELECTION RESPONSE ACROSS GENERATIONS 

 

 

The joint distribution of parental and offspring phenotypes is  
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With random mating among selected parents, the genetic covariance between 

parental phenotypes becomes zero.  
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Averaging gives 
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With equal phenotypic and genetic (co)variances in sires and dams, random 

mating among parents, and without sex differences in selection 
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that reduces to the well-known  

 

 

 

 

       breeder's equation  

 

Dmmmm z  = Gbbbb    
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3. FITNESS GRADIENTS 
 

 
(NIFTY TRICKS TO CLIMB FASTER) 


